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In recent years, Expected Shortfall (ES) has gained increased popularity as an al-
ternative risk measure to Value-at-Risk (VaR) due to its coherent nature and ability to pro-
vide insight on the severity of the tail losses in case a sharp adverse movement occurs in
the financial market. This paper considers a new semiparametric estimation of Expected
Shortfall based on the Proportional Mean Residual Life (PMRL) regression model with
explanatory variables, commonly used to measure life expectancy in survival analysis. The
explanatory variables are given in the form of lagged returns. The model’s parameters are
estimated by a simple numerical optimization algorithm and tested for significance using
the Student’s t-test. In addition, Conditional Autoregressive Value-at-Risk (CAViaR) with
Asymmetric Slope (AS) specification is used as the complementary model.
An empirical study, in the form of backtesting, is conducted based on seven interna-
tional stock market indices using both 95% and 99% confidence levels. The performance of
the model is evaluated by its ability to accurately estimate one-day ahead Expected Short-
fall in accordance with three different criteria and compared against four more traditional
alternative models. From the results, for 95% confidence level, we observe that the model
generally performs better or equally well compared to other models, especially for U.S. and
European stock indices. However, for 99% confidence level, the superiority of the model
becomes less apparent as we have fewer tail losses to work with and thus our criteria be-
come less reliable. For Asian data, the model tends to overestimate the risks in both cases
as the model is originally developed for U.S. data and Asian stock markets are usually more
volatile and less efficient. Overall, the model produces ES estimates that are sensitive to
the P/L movements and are more conservative than the alternative models we considered.
This is particularly desirable when we employ ES as a benchmark in setting up adequate
risk capital reserve in order to avoid losses and decrease the probability of default.















Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2. Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3. Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4. Delimitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.5. Structure of the Paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
Chapter 2 Theoretical Framework . . . . . . . . . . . . . . . . . . . . . 6
2.1. Financial Returns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.1. Geometric Returns . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.2. Stylized Facts of Financial Return . . . . . . . . . . . . . . . . . . 7
2.2. Financial Risk Measure . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.1. Coherent Risk Measure . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.2. Value-at-Risk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.3. Expected Shortfall . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3. PMRL Regression Model . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.1. Model Specification and Estimation Method . . . . . . . . . . . . . 12
2.3.2. Application to ES Estimation . . . . . . . . . . . . . . . . . . . . . 16
Chapter 3 Data and Methodology . . . . . . . . . . . . . . . . . . . . . . 19
3.1. Data Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2. Model Selection and Implementation . . . . . . . . . . . . . . . . . . . . 20
3.2.1. Historical Simulation . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2.2. Gaussian Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2.3. GARCH(1,1) with Normal Error Distribution . . . . . . . . . . . . 22
3.2.4. GJR-GARCH(1,1) with Normal Error Distribution . . . . . . . . . 23
3.3. Backtesting Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3.1. Normalized Shortfall . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3.2. Embrechts et al. (2005) . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3.3. Kerkhof and Melenberg (2004) . . . . . . . . . . . . . . . . . . . . 26
Chapter 4 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . 31













4.2. Parameters Estimation Results . . . . . . . . . . . . . . . . . . . . . . . 33
4.2.1. PMRL Regression Model . . . . . . . . . . . . . . . . . . . . . . . 33
4.2.2. CAViaR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.3. Relative Performance of the Models . . . . . . . . . . . . . . . . . . . . 37
4.3.1. Backtesting with 95% Confidence Level . . . . . . . . . . . . . . . 37
4.3.2. Backtesting with 99% Confidence Level . . . . . . . . . . . . . . . 45
4.4. Overall Comparison of Backtesting Results . . . . . . . . . . . . . . . . 54
Chapter 5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.1. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.2. Implications and Limitations . . . . . . . . . . . . . . . . . . . . . . . . 59
5.3. Ideas for Further Research . . . . . . . . . . . . . . . . . . . . . . . . . 60
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64














Figure 1 Volatility Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Figure 2 Leptokurtic Distribution . . . . . . . . . . . . . . . . . . . . . . . . 8
Figure 3 General Framework of Backtesting . . . . . . . . . . . . . . . . . . 24
Figure 4 Correlograms of Return Series and its Squared Values . . . . . . . . 32
Figure 5 Time Series of Returns . . . . . . . . . . . . . . . . . . . . . . . . 33
Figure 6 Plot of 5% ES estimates for SP500 . . . . . . . . . . . . . . . . . . 38
Figure 7 Plot of 5% ES estimates for DJI . . . . . . . . . . . . . . . . . . . 38
Figure 8 Plot of 5% ES estimates for NYSE . . . . . . . . . . . . . . . . . . 39
Figure 9 Plot of 5% ES estimates for FTSE . . . . . . . . . . . . . . . . . . 39
Figure 10 Plot of 5% ES estimates for CAC40 . . . . . . . . . . . . . . . . . 40
Figure 11 Plot of 5% ES estimates for NIKKEI . . . . . . . . . . . . . . . . . 40
Figure 12 Plot of 5% ES estimates for JKSE . . . . . . . . . . . . . . . . . . 41
Figure 13 Plot of 1% ES estimates for SP500 . . . . . . . . . . . . . . . . . . 46
Figure 14 Plot of 1% ES estimates for DJI . . . . . . . . . . . . . . . . . . . 46
Figure 15 Plot of 1% ES estimates for NYSE . . . . . . . . . . . . . . . . . . 47
Figure 16 Plot of 1% ES estimates for FTSE . . . . . . . . . . . . . . . . . . 47
Figure 17 Plot of 1% ES estimates for CAC40 . . . . . . . . . . . . . . . . . 48
Figure 18 Plot of 1% ES estimates for NIKKEI . . . . . . . . . . . . . . . . . 48














Table 1 Contingency Table for Independence Test . . . . . . . . . . . . . . . 28
Table 2 Descriptive Statistics for Return Series . . . . . . . . . . . . . . . . 31
Table 3 Initial Parameter Estimates and Relevant Statistics . . . . . . . . . . 34
Table 4 Final Parameter Estimates for 5% ES . . . . . . . . . . . . . . . . . 35
Table 5 Final Parameter Estimates for 1% ES . . . . . . . . . . . . . . . . . 35
Table 6 Parameter Estimates for 5% CAViaR . . . . . . . . . . . . . . . . . 36
Table 7 Parameter Estimates for 1% CAViaR . . . . . . . . . . . . . . . . . 37
Table 8 Normalized Shortfall of 5% ES . . . . . . . . . . . . . . . . . . . . 42
Table 9 V values for 5% ES . . . . . . . . . . . . . . . . . . . . . . . . . . 42
Table 10 5% ESRatio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
Table 11 Kupiec’s POF-test of 5% ES . . . . . . . . . . . . . . . . . . . . . . 43
Table 12 Christoffersen’s test of 5% ES . . . . . . . . . . . . . . . . . . . . . 44
Table 13 Mixed Kupiec test of 5% ES . . . . . . . . . . . . . . . . . . . . . . 44
Table 14 Normalized Shortfall of 1% ES . . . . . . . . . . . . . . . . . . . . 50
Table 15 V values for 1% ES . . . . . . . . . . . . . . . . . . . . . . . . . . 50
Table 16 1% ESRatio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
Table 17 Kupiec’s POF-test of 1% ES . . . . . . . . . . . . . . . . . . . . . . 51
Table 18 Christoffersen’s test of 1% ES . . . . . . . . . . . . . . . . . . . . . 52
Table 19 Mixed Kupiec test of 1% ES . . . . . . . . . . . . . . . . . . . . . . 52
Table 20 V2 Values of 5% ES . . . . . . . . . . . . . . . . . . . . . . . . . . 55













An Analysis of Expected Shortfall: A Regression Approach
Chapter 1 Introduction
1.1. Motivation
Market risk refers to the uncertainty (or the risk of loss) of the market value of a
portfolio, either an investment portfolio or a trading portfolio, due to adverse movements in
market risk factors, such as interest rates, foreign exchange rates, and equity and commod-
ity exposures. Over the years, research in market risk management has been done. As a
result, a lot of financial models have been developed to quantify market risk, so that the risk
can be managed according to each investor’s risk appetite. By making risk measurable, risk
managers can minimize, monitor, and control the market risk associated to the portfolio.
In the late-2000s, financial crisis happened worldwide (often dubbed as the Credit
Crunch) and is considered by many economists to be the worst financial crisis since the
Great Depression of the 1930s. It resulted in the collapse of large financial institutions, the
bailout of banks, downturns in stock markets around the world, and a significant decline
in economic activity, leading to a severe global economic recession in 2008. One of the
causes of this financial crisis is incorrect pricing of risk, where the limitations of many
widely-used financial models were not properly understood.1
The financial crisis has highlighted several shortcomings in the widely-known risk
measure called the Value-at-Risk (VaR), currently adopted by the Basel Committee on
Banking Supervision as the benchmark in determining the capital requirements. It is used
internally by banks for risk management and as a regulatory tool for ensuring the soundness
of the financial system. In terms of formal definition, VaR is defined as the quantile of the
loss distribution for a certain time horizon given a specific confidence level. A large amount
of research work into VaR has emerged, and various aspects of VaR have been extensively
documented. Despite the wide use and common acceptance of VaR as a risk management
tool, the method has frequently been criticized for being incapable to produce reliable risk
estimates. VaR only captures the information about the minimum amount of losses (best
of the worst scenarios) and provides no information about the intensity of the losses that
















Another property of VaR that is not typically recognized but has serious conse-
quences for risk management is that it violates the subadditivity requirement of a coherent
risk measure, in a sense that it does not promote portfolio diversification, as VaR of the
combination of two or more assets can exceed the sum of individual VaR for each assets.
This is contrary to the basic principle of diversification, which holds that the risk will de-
crease when more assets are held. It is only subadditive when the normal assumption is
used, which is not a realistic assumption for a financial model, since financial returns ex-
hibit features like high kurtosis and skewness.
Therefore, Expected Shortfall (ES) was introduced as an alternative to VaR that
is more sensitive to the shape of the loss distribution. ES evaluates the market value (or
risk) of a portfolio in a conservative way, focusing on the less profitable outcomes. ES
is formally defined as the conditional expected value of losses beyond the threshold level
(given that the losses are larger than VaR). It provides information on the intensity of the
losses beyond VaR. ES is gaining more popularity in recent years, due to its better proper-
ties and coherence as a risk measure.
Many approaches can be used in estimating ES and each has its own advantages
and disadvantages. The parametric model requires an assumption to be made about the
statistical distribution (normal, log-normal, etc.) from which the data is drawn. The attrac-
tion of parametric model is that relatively little information is needed to compute it. The
main weakness is that the distribution chosen may not accurately reflect all possible states
of the market and may under- or overestimate the risk. It is only efficient when the right
distributional assumption is used. The second approach is called the nonparametric model.
The advantage of this model is that it requires no assumption to be made about the nature
or shape of the distribution of returns. Despite the fact that nonparametric model produces
more accurate result, its main shortcomings are it is more complicated and demands higher
computational cost.
Hence, a semiparametric model might be a better choice, as it combines the advan-
tages of both parametric and nonparametric models. Similar to the nonparametric model,
it does not require any distributional assumption about the distribution of the returns. Ad-
ditionally, it requires less computer power and time as it works efficiently even when only
little information is provided. In this paper, one of the semiparametric models in estimating
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1.2. Literature Review
Following the limitation of VaR, a lot of studies regarding ES, as an alternative
risk measure, have been conducted over the years. In Artzner et al. (1999), and Acerbi
and Tasche (2002), the coherence of ES as a risk measure, satisfying the homogeneity,
monotonicity, translation invariance, and subadditivity, was inspected. For the parametric
estimation of ES, one often assumes that the returns or log-returns follow some distribution
or that the conditional returns and variance follow some time series model, mainly ARMA
and GARCH models (see Bollerslev(1986) for GARCH models). Misspecification of the
models and distributions will produce misleading results.
For nonparametric models, there are a lot of developed models, such as the Histor-
ical Simulation (HS), Monte Carlo simulation method, or nonparametric regression model
(see Cai and Wang (2008)). However the main disadvantages of the nonparametric model
are the complexities and high computational cost.
Addressing these problems in parametric and nonparametric models, one can also
use semiparametric models, based on several theories such as the Extreme Value Theory
(EVT) or by simply regressing the returns that exceed the quantile against the correspond-
ing estimated standard deviation (or quantile). In this paper, new semiparametric model in
ES estimation based on the Proportional Mean Residual Life (PMRL) regression model is
introduced.
The PMRL model was originally proposed by Oakes and Dasu (1990) for the ana-
lysis of reliability and survival data. They introduced a family of semi-parametric PMRL
models. Previous works on PMRL have been focusing on single-sample and two-sample
cases and the methods for these cases are outlined in the recent work of Oakes and Dasu
(2003).
For regression analysis, Maguluri and Zhang (1994) extended the PMRL model
to a more general framework with covariates, mainly for uncensored data. In financial risk
management context, switching from right tail to the left tail, the mean residual life func-
tion (also called expected remaining life function or mean excess function) can be referred

















As mentioned earlier in the introduction and literature review sections of this paper,
ES is a natural coherent alternative of VaR due to its better properties. As for the ES esti-
mation methods, semiparametric models might be preferable and more efficient due to the
lack of need in distributional assumptions and complexities, and also requires less compu-
tational time compared to the nonparametric models. Hence, through theoretical study, the
first objective of this paper is to introduce a new semiparametric model of ES estimation
based on the PMRL regression model, which will be a valuable addition to the financial
literature, as no such application has been done as far as our knowledge is concerned.
Using returns data on stock indices of several countries, we conduct an empiri-
cal study of the performance of ES estimates based on the PMRL Regression model. The
estimates will then be compared to the performance of various more well-known alterna-
tive methods for estimating ES from both parametric and nonparametric families via the
backtesting method. Hence, the second objective is to show that the new semiparametric
model introduced in this paper performs better in terms of efficiency and accuracy than the
alternative models.
In conclusion, the paper seeks to provide answers to the following three research
questions:
1) What is the theoretical foundation of the PMRL regression model?
2) How can the PMRL regression model be applied to the ES estimation?
3) Compared to alternative parametric and nonparametric models, how well do the ES
estimates from the new semiparametric model perform with respect to the financial
data?
1.4. Delimitations
In both the theoretical and empirical part of the study, we concentrate on the market
risk. Although banks and other financial institutions are exposed to other categories of
risks, such as credit risk and operational risk which are equally important, they will not
be further covered in this paper. Furthermore, in the empirical study, we only consider
the market risk associated with a financial position in stock indices, so that correlations
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For the PMRL regression model application on ES, we only consider up to five
days of lagged returns as the covariates, corresponding to the total number of trading days
in a week. Although other factors, such as the macroeconomic and political factors or
technological innovations, also affect the market value of a portfolio, it will not be discussed
further in detail within this paper. Lastly, we limit our estimations to daily VaR and ES.
Further delimitations will be made throughout the paper when appropriate.
1.5. Structure of the Paper
The outline of the paper is organized as follows:
Chapter 1 Introduction
The chapter describes the motivation of the research, review of related literatures, the re-
search objectives, some delimitations employed, and the paper’s organization.
Chapter 2 Theoretical Framework
The chapter presents the theoretical framework of the paper. We first review some basic
concepts regarding financial returns, coherent risk measure, Value-at-Risk (VaR), and Ex-
pected Shortfall (ES). Following this, we continue to the primary topic of the paper, the
PMRL regression model and its application on ES estimation.
Chapter 3 Data and Methodology
The chapter outlines the data and methodology of the empirical study. We first discuss the
selection of financial data for our empirical investigation. We then turn to the selection
and implementation of various models in estimating ES for the comparative analysis with
our newly implemented model. Finally, we describe the methodology and criteria used for
backtesting and performance evaluation of the selected models.
Chapter 4 Empirical Results
The chapter presents the results of the empirical study. We evaluate the relative perfor-
mance of the new semiparametric model, based on PMRL regression model, as well as
alternative models, with respect to the financial data. To this end, we use both statistical
tests and qualitative assessments.
Chapter 5 Conclusion
The final chapter outlines our main findings, limitations, and conclusions of our study. We














Chapter 2 Theoretical Framework
Chapter 2 Theoretical Framework
In this chapter, we present the theoretical framework of the paper. The concepts,
theories, and definitions outlined in the following sections constitute the foundation of the
empirical study. In section 2.1., some general concepts and empirical properties of financial
returns will be discussed. Afterwards, in section 2.2., we provide essential concepts and
definitions on the axioms of coherence for financial risk measurement methods and two
well-known financial risk measures, namely VaR and ES. Finally, in section 2.3., we con-
tinue on to the primary topic on the paper, namely the PMRL regression model, providing
a thorough and rigorous discussion of the model and its application in ES estimation. Ad-
ditionally, we also provide some basic concepts on the CAViaR model for VaR calculation
which will be applied as the complementary model.
2.1. Financial Returns
In the context of the measurement of market risk, the random variable is taken as
the rate of return on a financial market since the majority of stock (or stock index) prices
are non-stationary. Campbell, Lo, and MacKinlay (1997) give two main reasons for using
returns. First, for average investors, return of an asset is a complete and scale-free summary
of the investment opportunity. Second, return series are easier to handle than price series
because the former have more attractive statistical properties. There are two types of return
series, e.g. arithmetic and geometric return.
2.1.1. Geometric Returns
Let Pt be the price of a financial asset at time t. Holding the asset for one period
from date t− 1 to t would result in scaled log-return





= 100× (lnPt − lnPt−1) . (2.1)
There are several advantages of using geometric returns over the arithmetic returns
(see Jorion (2001)). First, geometric returns may be more economically meaningful, be-
cause it ensures that the asset price (or portfolio value) is never negative even if the re-
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loss-implies that the asset value Pt is negative, and a negative asset price seldom makes
economic sense; on the other hand, a very low geometric return implies that the asset price
Pt falls towards zero but is still positive. Second, geometric returns easily allow extensions
into multiple periods. For multiple periods, the geometric returns are just the sum of the
returns of individual period. With arithmetic returns, the decomposition is not so simple.
Throughout the paper, equation (2.1) will be used to represent returns.
2.1.2. Stylized Facts of Financial Return
In this section we describe several classical characteristics of daily financial returns,
which have become known as stylized facts.
Fact 1: Volatility Clustering
Financial return series are not independently and identically distributed (i.i.d). They tend
to exhibit temporal dependence in the second moment. In other words, while return series
seem to show little serial correlation (he first order autocorrelation of the returns are close
to zero), absolute and squared returns seem to be highly serially correlated (with positive
and significantly larger than zero autocorrelations), resulting in time-varying volatility and
volatility clustering. Since the autocorrelation is positive, it can be concluded, that small
(positive or negative) returns are followed by small returns and large returns follow large
ones again. In other words, there are quiet periods with small price changes and turbulent
periods with large oscillations.
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